a r t i c l e i n f o a b s t r a c t
Introduction
Recently, Behrends, Geschke and Natkaniec, motivated by a question posed by Wojcik in [4] , showed that a realvalued continuous function on a connected separable metric space for which every point is a local extremum, is constant [1, Theorem 2] . In the same paper the authors noted that the projection f : X → R, f (x, y) = x, where X is the unit square with the lexicographic order, is an example of a non-constant continuous map defined on a compact connected space for which every point is a local extremum and left open the question of the existence of a connected metric space X and a function on X with the same properties [1, Question 7] .
In this paper we solve affirmatively this problem by constructing a non-constant real-valued continuous function on a metric connected space for which every point is a local extremum.
Moreover we clarify further this topic by solving also the other question posed in [1, Question 5] : let X be a connected space such that every family of pairwise disjoint non-empty open sets is of size < |R|. If f : X → R is continuous and such that every x ∈ X is a local extremum of f , does f have to be constant?
Finally, we give a result regarding the behaviour of Darboux functions for which every point is a local extremum. We refer the reader to [3] for topological terminology not explicitly given. For the sake of completeness we give an explicit definition of this metric.
The results
and q satisfy one of the following conditions:
, i = 0 and at least one among t and t is > r; (iii) (r, i) = (s, j), i = 1 and at least one among t and t is < r.
In the remaining cases set
To show that d indeed is a metric it is enough to verify that the triangle inequality holds in the most relevant cases.
(i) t 1 , t 2 and t 3 are distinct points. In this case we have r 1 = r 2 = r 3 = r and i 1 
This case is similar to the previous one.
We claim that the metric space (X, d) is connected.
First observe that for every t ∈ [0, 1], the subspace {t} × T of (X, d) is isometric to the hedgehog (T , ρ). 
The case k ∈ B can be treated in a similar way. First observe that k > 0. Now let (a n ) n be a sequence in A converging to k such that a n < k for every n. given by π((t, [(x, r, i) 
It remains to show that every point of X is a local extremum. is a neighbourhood of p, in fact d(p, q) 1 − x for every q = (t , [y, s, j] 
We claim that S(c) = ∅ for every c ∈ ]a, b[. If not, let us take some c ∈ ]a, b[ for which S(c) = ∅ and set: Recall that a map f between two topological spaces X and Y is called Darboux if f (C) is a connected subspace of Y for every connected subspace C of X (see, e.g., [2] ). The proof of Theorem 2 in [1] shows that the continuity hypothesis can be weakened to the assumption that the map be Darboux.
Now let us show that
Our last example will shed some light on the class of Darboux functions for which every point is a local extremum. Let τ be the topology on the set of real numbers R generated by the following base:
where Q is the set of rational numbers.
(R, τ ) is a separable Hausdorff space, moreover it can be shown, as in the case of the real line endowed with the euclidean topology, that the connected subsets of (R, τ ) are precisely the intervals. Now let {I n : n ∈ N} be an enumeration of all non-empty intervals ]a, b[ with rational endpoints, and let [x] = x + Q for every x ∈ R.
We claim that there is some S ⊂ R such that |S ∩ [x]| = 1 for every x ∈ R and |S ∩ I n | = 2 ℵ 0 for every n ∈ N.
Let {[x α ]: α ∈ 2 ℵ 0 } be an enumeration of R/Q and let h : 2 ℵ 0 × N → 2 ℵ 0 be a bijection. For each α ∈ 2 ℵ 0 and n ∈ N let x(α, n) ∈ [x h(α,n) ] ∩ I n , and set S = {x(α, n): α ∈ 2 ℵ 0 , n ∈ N}. Then |S ∩ [x]| = 1 for every x ∈ R and |S ∩ I n | = |{x(α, n): α ∈ 2 ℵ 0 }| = 2 ℵ 0 for every n ∈ N.
Clearly S + q satisfies the same properties as S for every q ∈ Q . In fact, let {q n : n ∈ N} be an enumeration of Q and set S n = S + q n . Then {S n : n ∈ N} is a partition of R and |S n ∩ I n | = |(S + q n ) ∩ I n | = |S ∩ (I n − q n )| = 2 ℵ 0 for every n ∈ N. Now let g n : S n ∩ I n \ Q → [0, 1] be a bijection for every n ∈ N, and let us consider the map f : (R, τ ) → [0, 1] defined in the following way: f | S n ∩I n \Q = g n for every n ∈ N, f (Q ) = {1}, in the remaining points f is defined arbitrarily. It is clear that every point is a local minimum for f . Moreover f (I n ) = f (S n ∩ I n ) = [0, 1] for each n, therefore f is a Darboux function.
